COUNTING HYPERELLIPTIC CURVES ON AN ABELIAN 
SURFACE WITH QUASI-MODULAR FORMS 

SIMON C. F. ROSE 

Abstract. In this paper we produce a generating function for the number of 
hyperelliptic curves (up to translation) on a polarized Abelian surface using 
the crepant resolution conjecture and the Yau-Zaslow formula. We present a 
formula to compute these in terms of MacMahon's generalized sum-of-divisors 
functions, and prove that they are quasi-modular forms. 



Contents 

1 . Introduction [T] 

2. Preliminaries 3] 

2.1. Abelian surfaces and Kunimer surfaces |4] 

2.2. Gromov-Witten theory of hyperelliptic curves [7] 

2.3. The case S x F [13] 

3. Main Work [H 

3.1. Computation of the invariants on Km(v4„) [H] 

3.2. Application of the crepant resolution conjecture ^\ 

3.3. Proof of Theorem [U US] 

3.4. A simple consequence |25] 

4. Proofs for Low Genera |57] 

4.1. Introduction |57] 

4.2. Genus 1 155] 

4.3. Genus 2 El 

4.4. Proof of Gottsche's genus 2 formula 1501 
Appendix A. Structure of the Moduli Space |35] 
References HI] 



1. Introduction 



Let (Ah-i, Lh-i) be a polarized abelian surface with polarization of type (1, /i — 
1). Up to translation in Aii_i, there is an {h — 2)-dimensional family of curves 
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of arithmetic genus h in the homology class ci(ift_i)^. The codimension of the 
hyperelliptic locus in AI h,o is h — 2, and so the following natural question arises: 

Question 1.1. Given a polarized abelian surface {Ah-i,Lh-i), how many curves 
(up to translation in Ah-i) of geometric genus g in the class Ci{Lh-i)^ are hyper- 
elliptic? 

We will often write A^-i or L^-i simply as ^ or i if there is no possibility of 
confusion, and when the degree of the polarization is not important. We will also 
for convenience make the substitution 

n = h — 1 

which works to make most of the formulae cleaner. Furthermore, throughout this 
paper, whenever we say "the number of curves in A..." we will always be referring 
to the number of curves in the class ci(L)^ up to translation in A. Let Ng,h denote 
the number of hyperelliptic curves of geometric genus g and arithmetic genus h in 
a fixed {A, L). Let 

oo 
h=g 

be the generating function for these numbers. We will give an explicit formula for 
Fg{u) in terms of quasi-modular forms. 

Remark 1.2. Note that in the case g — 2, all curves are hyperelliptic. In |Got98| . 
it is shown that 

oo 

d=0 

where <7i{d) = X]/c|d ^^^^ -^2 is the Eisenstein series of weight 2. Thus we see that 
F2 is in the ring of quasi-modular forms. 

The goal of this paper is to transform this natural enumerative problem into 
the language of orbifold Gromov-Witten theory, and to use the crepant resolution 
conjecture |BG09| and the Yau-Zaslow formula |YZ96j to compute the generating 
functions Fg for all g. 

We should remark that this number Ng^h is not necessarily well defined — that 
is, independent of the choice of A — nor necessarily finite. In Section |2.2| we will 
interpret it in terms of Gromov-Witten invariants which will be defined for all po- 
larized A with ci(i)^ primitive; in the case that A is sufficiently generic, we expect 
that this will coincide with the honest count of hyperelliptic curves of geometric 
and arithmetic genera g and h, respectively. 

In fact, we provide a refinement of this count. Let ^[2] denote the collection of 
2-torsion points in A. As we will see in Section pT2| we can translate a hyperelliptic 
curve so that all of its Weirstrass points all lie on points of A[2]. We can then use 
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the number of Weirstrass points lying over each v £ ^[2] to refine our count, as 
follows. 

Let k : A[2] — > Z>o be a function, denote by |k| — X]t,eA[2] ^(''^)' ^^^^ -^^^ 9 
such that 2^ + 2 = |k|. Let A^k./i denote the number of curves C C A of geometric 
genus g and arithmetic genus h whose normalizations C are hyperelliptic and with 
k(D) Weirstrass points lying over v for each v € A[2] (See Section 2.2 equation ([5| 
for a precise definition). Let P be the collection oi v ^ A[2\ so that k(w) is odd. 
The main theorem of this paper is the following. 

Theorem 1.3. Assume the Gromov-Witten crepant resolution conjecture for the 



resolution Km(yl) — > A/ ± 1 (See Section 3.2). Then the generating function 
FgA"^) = J2hLq ^i^,hu''~^ is given by 



(1) F,,kH - i?H2l^l-2 n A^{u^) n 



when P satisfies an easily-verified condition (see Remark 3.2), and is zero otherwise. 
The functions E{q), Ai{q) , and Ci{q) are given by 

oo 

i?(q) = ^ai(2fc + l)g2^+i 



fc=0 

qTrii-i i-rrii 



(1 - fl™!)^ • • • (1 - g™0^ 

0<mi<---<mi ^ ^ ■> \ 'i J 
„2miH h2mj— i 

CM- E 



(I _ „2mi-l)2 . . . fl _ „2m,-l-)2 
0<mi<---<mi \ ^ / V y / 

which are all quasi-modular forms. 

We provide for reference a few computations of these series, all pertaining to 
genus three curves. From the description above, the only functions which will 
contribute to curves of genus three are 

A2{u'') C2{u^) E(uf Ai{u^)Ci{u') 
Ci{v?f E{u)Ai{u'^) E{u)Ci{u^) 

a few of whose coefficients are given in Table [l] In particular, the function F^{u) 
counting all curves of genus 3 is given by 

F^{u) = A2{u*) + 3C2(u2) + 12Ai(m^)Ci(u2) + 2lCi{u^f 

+ lQE{u)Ci{u'^) + QE{u)Ai{u'^) + iE^af 

which is also included in Table [H 

The structure of the paper will be as follows. In Section |2] we review some 
preliminary material regarding the Kummer surface of an Abelian surface and in 
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q"^ q^ 








q' 




9" 
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1 8 


28 




64 




126 




224 


E{u)Ci{u^) 


1 6 
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18 


12 


40 


24 


75 


44 




1 
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2 
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20 


10 










1 




2 




4 
1 




3 10 45 66 


180 


204 


471 


454 


972 


870 


1729 



Table 1. Some coefficients of the generating functions for genus 3 curves. 



particular the Kummer lattice K C i?2(Kni(A)). We also discuss the basic con- 
struction in orbifold Gromov-Witten theory which allows us to study hyperelliptic 
curves with genus invariants. We provide a partial description of the relevant 
moduli space in the case that the Picard number of A is 1, and we explain how to 
obtain enumerative invariants from decidedly non-enumerative ones. 

Section [3] consists of a proof of Theorem |1.3| obtained by computing a restricted 
form of the Gromov-Witten potential (see Definition 3.4), followed by applying 
the crepant resolution conjecture to obtain the corresponding potential function on 
[A/ ±1]. Lastly, we simplify this by accounting for collapsing components to prove 
Theorem [rH 

Section |4] consists of a proof of the genus one and two case independent of the 
crepant resolution conjecture. This involves specializing to the case that A = S x F 
for generic elliptic curves S and F. From there the problem is reduced to counting 
covers of an elliptic curve, which is classically known. 

Lastly, Appendix [A| consists of an analysis of the moduli space of genus twisted 
stable maps into [^/± 1], as well as a discussion of its reduced virtual fundamental 
class. 



2. Preliminaries 

2.1. Abelian surfaces and Kummer surfaces. For the duration of this paper, 
unless otherwise noted, all coefficients are integral. The majority of the results in 
this section follows |BPVdV84| . and as such, proofs are omitted. 

Let A be an Abelian surface. Then A is a complex torus C^/F with F of rank 4. 
As an Abelian group, A has an involution given by multiplication by ±1. This has 
as fixed points the collection A[2] = F/2F of sixteen 2-torsion points. The quotient 
by this action has these as its only singularities, and so by blowing them up we 
obtain the (crepant) resolution Km{A) which is a smooth K3 surface called the 
Kummer surface of A. 
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If instead we blow up A at the sixteen 2-torsion points to produce A, we can 
take the quotient of this space by the Ufted involution to obtain the diagram 

(2) A ^ ^ Km{A) . 

p 

I 

A ^A/±l 

There are a few facts that this yields, all of which are connected to the afRne 
F2-geometry of A[2]. We begin by introducing some notation. 

(1) Let Ey G i?2( Km(A)) denote the class of the (— 2)-curve lying over a given 

V e A[2]. 

(2) Let A denote the sublattice of ff2(Km(A)) generated by the classes Ey. 

(3) Let K denote the minimal primitive sublattice of H2{Km{A)) which con- 
tains A. This is called the Kummer lattice. 

Furthermore, let *P(j4[2]) denote the power set of A[2] (which is a group under 
the operation S + S' ^ S U S' \ (S n S')) and let Hfe for < A; < 4 denote the 
subgroups generated by all of the afRne A;-planes in ^[2]. Then we have that 

Z/2 = n4 C Hs c C Hi c Ho = q3(A[2]). 

Remark 2.1. We will use throughout this paper the letters r] and e (possibly with 
subscripts) to denote elements of Ilk- Note also that for each element 7/ e life we 
can think of r] as an element of ^A via the correspondence 

We will also throughout use the notation \r]\ to denote the number of elements in 
V- 

Remark 2.2. We should note that there arc two notions of summation at play 
here — summation in *P(j4[2]), and summation in ^A. When we write rji + 772 we 
will always mean the former, and when we write rji + 772 we will always mean the 
latter, so no confusion should arise. 

As Km{A) is a smooth real 4-manifold, the group H2 ( Km(A)) comes with a nat- 
ural intersection form ( , ) which turns it into a unimodular lattice. When restricted 
to A this is {—2)Id, and so we have that A^ = |A. Thus we have that 

AcKcK'^ C^A 

and so every w G K (and in K"^) can be written as 



' 2 

veA[2] 
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From this we have a natural map r : 2 A — > Ho given by 

"^Ey^ {v£A[2]\a^ = l (mod 2)}. 

VGAI2] 

Note that for w = X]ueyi[2] ^-^v, that r{w) is nothing but the reduction of the 
coefficients a„ of w mod 2. 

Remark 2.3. It follows further that the intersection form on K can be extended 
linearly to an intersection form on which we also denote by ( , ). In particular, 
using the correspondence of Remark |2.1| we can define for any two subsets r/i , 772 
of A[2] the pairing {rfi,r]2) by 

The condition that w £ K can now be stated as the following. 

Proposition 2.4 ( |BPVdV84| Proposition 5.5, Chapter VIII]). An element w = 
'^veA[2] G 5A is in K if and only if r{w) G Wz- That is, w £ K if and only 

if the collection of those v G A[2] such that is odd is either 

(1) empty 

(2) an affine 3-plane 

(3) all ofA[2]. 

This then yields a description of the Kummer lattice as follows. 

Corollary 2.5. There is a short exact sequence 

A ^ K U3 . 

Following prior remarks, this permits us to consider each element 77 G Ha as an 
element rj £ K . 

We next describe the relationship between H2{A) and iJ2(Km(^)). Consider 
again the diagram Q, and in particular, consider the map 

a^a^os- : H2{A) i72(Km(A)). 

We have the following proposition which relates the two intersection forms. 

Proposition 2.6 (; |BPVdV84l Proposition 5.1, Chapter VIII]). The map a multi- 
plies the intersection form by 2. That is, a{a) ■ a{b) — 2a-b for every a,b £ H2{A). 
Moreover, for each v £ A[2] and for each class a G H2{A), Ey ■ a{a) — 0. 

It follows from this proposition that the map a embeds H2 (A) as a sublattice of 
iJ2(Km(A)) which is orthogonal to the Kummer lattice K. 
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We examine now one of the important properties of this map. Recall that A ~ 
C^/r, let u : — > A be the quotient map, and let Ai, A2 be basis elements of F. 
Define V = m((Ai,A2) » M) (the image of the 2-plane spanned by Ai,A2), and let 
C = [V]. Then a{C) is the class of the proper transform of tt{V + 1) in Km(A) for 
some generic t e A (i.e. such that V + t does not intersect ^[2]). 

Next, consider the rational curve V/ ±1 c A/ ±1, and let /3 e H2{Km{A)) be 
the class of the proper transform of V/ ±1. Let e denote the collection of 2-torsion 
points in V. We have the following relation between the classes a{C) and f3. 

Proposition 2.7. Let V , C , and j3 he as above. The classes a{C) and f5 satisfy 
the relationship 

Proof. As a{C) is the class of the proper transform in Km(^) of a generic translate 
of V, we see that in Km(A) we must have that 

veAl2] 

for some integers a^. Since /3 ■ E.^ = a^, we see that — 1 if v (z e and is zero 
otherwise, as claimed. □ 

Recall that there is a canonical isomorphism H'^{A) ^ ^ Hi{AY , and so we 
can regard elements of H'^{A) as alternating forms on Hi{A). Suppose now that 
(A„,L„) is a polarized abelian surface with polarization of type (l,n). That is, 
there is a basis ei, /i, 62, /2 of 7fi(A„) so that ci(L„) (when viewed as an alternating 
form) can be written as 



(3) 



/ 








n 


o\ 













1 




-n 











V 





-1 





0/ 



In this basis, we can write ci(L„)^ = (ei A /i) + n{e2 A /2). 

2.2. Gromov-Witten theory of hyperelliptic curves. We aim to compute the 
number of hyperelliptic curves in A via orbifold Gromov-Witten theory following 
the ideas of |Wis08a|. lGraOT| IGilOSaT . Let be a smooth Deligne-Mumford stack 
with projective coarse moduli space X. We will use the notation 

M(^;2g + 2;/3) 
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to denote the moduli stack of twisted stable maps of genus curves into the stack 
^ in the curve class f3 E H2{X) with (25 + 2) Z/2-stacky points. In the case where 
A is a polarized Abelian surface with polarization of type (l,n), we will use the 
notation 

M{[AI±l]-2g + 2-n) 

to denote the moduli stack where the class (3 is the class i7r*ci(L„)^. 

As with ordinary Gromov-Witten theory, there are evaluation maps from the 
moduli stack of twisted stable maps. However, they do not lie in ^ , but in its 
rigidified inertia stack, / Jf (see |AGV02I IXGVOSj ). In the case that ^ = [X/G] 
is a global quotient, this has a particularly simple description. 

Definition 2.8 Let ^' = [X/G] be a global quotient stack. We define the rigidified 
inertia stack to be 

/ = U [xyn,] 

(9)CG 

where the disjoint union is taken over all conjugacy classes (g) C G, where X^ is the 
fixed-point set of g, and where Hg = C{g)/{g) is the quotient of the centralizer of 
(7 in G by the subgroup generated by g. The component corresponding to (e) C G 
is called the untwisted sector, while all others are called twisted sectors. 

For the case of the the quotient stack [A/ ±1], it is easy to see that 

I[A/±1] ^AUA[2] 

and so the twisted sector is identified with ^[2], the set of 2-torsion points of A. 
As before, let {A, L) be a polarized Abelian surface. We have a map 

A 5- Ax A ^ Sym^A 




A 

where the first map is given by a (a, —a). Next, we consider the moduli space 

M{[Sym^A];2g + 2;^A,ci{Ly) 

(where the factor of ^ comes from the fact that a curve in yl is a double cover of the 
corresponding curve in Sym^A). This parameterizes genus 0, twisted stable maps 
into the stack [Syrri^A]. As these maps are represent able, we may complete them 
to a diagram 

C ^ Ax A 



c 



Y 

[Sym'^A] 
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with C a scheme and the top map equivariant. If C is smooth, then C is a smooth 
hypereUiptic curve and the projection onto either factor yields a hypereUiptic curve 
in A in the class ci(L)^. It follows that the moduli space M {\^Sym?A]\ 2g + 2; iA*ci(L)^ 
is a compactification of the moduli space of smooth hypereUiptic curves in A. 

So far this follows very closely |Wis08a[ IGil08a| . In our case, we can simplify 
matters significantly. As above, we look at the diagram 



at— v(a, — a) 



[A/±l] 



Ax A 



[Sym'^A] 



where the map l : [A/ ± 1] — )• [Syiri^A] is given by [a] i— > [a, —a]. 

Theorem 2.9. We have the following isomorphism of stacks. 

M{[A/±l];2g + 2;/3)xA ^ M {[Sym^A];2g + 2; l,(3) 



Proof. The map in one direction is easy to produce. A family of objects in M {[A/ zL l];2g + 2; /3) 
over a base scheme B consists of a diagram 

C ^ A 



Y 

C A/ ± 1 



\Y 
B 

with C of genus and with (2g+2) sections Si (thus if C is smooth, C is hypereUiptic 
of genus g). Given an element oq of A we can construct a map A ^ A x A given 
by 

a !-> (^ao + a, ^cq — a) 

which we then complete to 

^ A ^ Ax A 




t 

A/±l 



Syrri^A 



which yields the first half. 
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For the second half, note that there is a map + : Sym^A — )• A given by [a, b] i— >■ 
a + b. Thus given the diagram 

C ^ Ax A 




C ^ Sym^A A 




B 



with C a rational curve. Since there are no rational curves in Abelian surfaces, 
the composition C — > Sym^A — !■ A must be constant, and so the diagram factors 
through the inclusion of a fibre of the map to A. As these are all isomorphic to 
A/ ± 1, the claim follows. □ 



We can interpret this theorem as saying that counting hyperelliptic curves in 
A is equivalent to counting certain stacky rational curves in the orbifold [A/ ± 
1]. Using the crepant resolution conjecture, this should be the same as counting 
certain rational curves in the smooth X3 surface Km(^). This has been studied in 
lYZMllBLOO] . 

In |BL99| . it is shown that the (reduced) Gromov-Witten invariants for an 
Abelian surface only depend on the divisibility and square of the class /?. This 
follows because of the fact that the moduli space A2n of polarized Abelian sur- 
faces whose polarizations have square 2n is connected, and from the deformation 
invariance of Gromov-Witten invariants. 

We can use this fact to show that the same holds true in our case; indeed, there 
is a surjective map from to the moduli space of singular Kummer surfaces with 
polarizations with square 2n (given by taking the quotient by ±1), and so the same 
result holds. This justifies our notation of M {[A/ ± 1]; 2g -I- 2; n) (specifically its 
lack of dependence on the class /3) . 

As twisted stable maps are representable, each of the (2g + 2) evaluation maps 
evi : M {[A/ ± 1]; 2g + 2; n) — > I[A/ ± 1] must all lie in the twisted sector, which is 
A[2\. Let ev denote the map 

ev : M([A/± l];25 + 2;n) -> A[2f<^+^ 

and let ui, . . . , uig denote an arbitrary labeling of ^[2]. 
Given k : A[2\ Z>o with |k| = 2g + 2, we define 

M{[A/ ± l];k;n) = ev^'^{vi, . . . , vi , . . . , z;i6, . ^. ,vie. ). 

k(«i) k(16) 
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This is the moduH space of those orbifold maps with k(ti) stacky points whose 
image Hes on each v E A[2]. This space has a degree reduced virtual fundamental 
class (see Appendix [A| , and so we define 

GWu,n = deg [M {[A/ ±l];k; n)Y'''. 

It should be noted that in the definition of GWu,n, the specific labelling of the 
element in A[2]l''l is not relevant; any rearrangement of those terms comes simply 
from a permutation of the labelling of the marked points, and will yield the same 
Gromov-Witten invariant. 

We would like to use this invariant to count hyperelliptic curves, but it is not 
enumerative; it includes contributions from collapsing components. In the case that 
A is suitably generic (i.e. has Picard number 1), we can use this to determine the 
enumerative count as follows (cf. |Wis08al IGraOlj ). 

Definition 2.10 An n-marked comb curve is a genus twisted stable map /:!]—> 
[A/ ±1] with ordinary marked points and n Z/2-marked points such that there 
is a unique irreducible component Sq which has nonzero degree; this component is 
called the handle. All other components are called teeth. 

It is clear that the locus of {2g + 2)-marked comb curves U2g+2,n is a closed sub- 
stack of M ([A/ ± l];2g + 2;n). Similarly, define J/k.n = C^|k|,n n M ([^/ ± l];k;n). 
In the case that the Picard number of ^ is 1, it turns out that all curves are comb 
curves, as the following proposition shows. 

Proposition 2.11. If the Picard number of A is 1, then the moduli spaces U2g+2,n 
and M {[A/ ± 1]; 2(7 + 2; n) are equal, and similarly for U^^n- 

Proof. Suppose that there were more than one component with non-zero degree. 
Since the class in [A/i 1] is primitive, this would immediately yield that the Picard 
number is greater than 1. □ 

As discussed in Appendix |A] this moduli space splits up into components based 
on how the marked points partition among the teeth (see figure [T]) . From Lemma 
|A.6[ we see that all partitions with even parts contribute zero to the Gromov- 
Witten invariant, and so for each comb curve E and each v € A[2] we obtain a 
partition A^' = {X\, . . . , A" ) of k(u) (where r„ denotes the length of the partition 
A") into odd parts based on how the marked points are split up among the teeth of 
S (with A" = 1 being interpreted as there being no collapsing component — that is, 
it represents a stacky marked point on the handle). Let C/a,™ denote the component 
consisting of those comb curves with partition type A = iX^)^^Al2]- If we define 
kA(w) = r^, then since the smoothing of any node is obstructed (see Proposition 



A. 5 ) and since all collapsing components must have image a stacky point in [A/±l], 
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it is clear that 

Ux,n^M°{[A/±l];ky,n)x JJ [] 17 (i?Z/2; A^' + 1; 0) 

vGA[2] i=l 

where M° {[A/ ± 1]; k; n) denotes the component consisting of those curves with no 
collapsing components. 

Let p\ denote the projection Ux^n M° {[A/ ± 1]; k^; n).We have the following 
theorem, whose proof we defer to Appendix [A] 

Theorem 2.12. Let X — {X^)veA[2] &e a collection of partitions o/ k, all of which 
consist of odd parts. Then the virtual degree of px is ( — ^) '''^'^ That is, 

ip.UU,,r' ={-\) [M° {[A/ ± 1]; k.; r^)]-'. 

We note that f/k.n is the disjoint union of the Ux,n taken over all partition types 
A. In particular, there is a component which consists of those curves with no 
collapsing components (corresponding to the partitions l'''^"-'). We can now define 

(4) GWl^ = deg[Af°]-'^. 

From this number we obtain our expected count of hyperelliptic curves. More pre- 
cisely, in the generic setting we expect that this counts the number of hyperelliptic 
curves together with the extra data of an ordering on the marked points which 
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collapse to a given 2-torsion point. As such, define 
(5) TVk,, 



I\veAl2]Hvy- 

Our main theorem of this section describes this relationship. Define the gener- 
ating functions 

k:A[2]^Z>o veAl2] ^ ' 

nM= E Gwi^ n 'i^. 

k:A[2]-fZ>o v£A[2\ ^ ' 

Theorem 2.13. The two generating functions Fn and are eQual after the sub- 
stitution = 2sin(z,u/2). 

A proof of this theorem will be provided in Appendix ^ However, from the 
equation ([5|, we immediately obtain the following. 

Corollary 2.14. Let k : A[2] Z>o be a function and let g be such that |k| — 2g + 



2. Then the function i^g^k of theorem 



1.3 



is given by the coefficient ofY\y(zA[2\ ■ 



^F:ix,)u-^j2 E G^in n 



n=0 n=0k:A[2]->-Z>(, iieA[2] ^ ' 



E E ^>^." n ^'-^ 

n=0 k:A[2]-yZ>o ■ueA[2] 



Remark 2.15. In the case that the Picard number of A is 1, we can define GW^^ 
and A^k.Ti directly via equations Q and ([5|. However, they are defined for all 
Abelian surfaces A via the relationships given by Theorem |2.13[ 

2.3. The case A = S x F. We will sometimes have need to specialize to the case 
that A = S X F for generic elliptic curves 5 and F. In such a case, the quotient 
A/ ±1 comes equipped with an elliptic fibration A/ zL 1 — > 5/ ±1 whose general 
fibre is the elliptic curve F. This has four distinguished fibres over 5 [2] which are 
isomorphic to F/ ± 1. 

So let / : E [^/ ± 1] be a genus twisted stable map in the class [5/ ± 1] + 
n[F/ ±1] (which we will assume without loss of generality collapses no components). 
In such a case, the source must be a tree of rational curves Sq U Si U • • • U Efc. We 
can label these so that /,[So] = [S/ ± 1] and /JS,] = n,[F/ ± 1] for i > 1. In 
particular, /js^ is an isomorphism (and so must contain exactly 4 stacky points), 
while /I Si is a ramified cover of one of the distinguished fibres, i.e. the rational 
orbi-curve [F/ ± 1]. 
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As a (representable) ramified cover of an orbi-curve, it follows that 

(1) The image of each stacky point is stacky. 

(2) The pre-image of each stacky point is a collection of stacky points (with 
odd ramification) and some non-stacky points (with even ramification). 

In such a case, the moduli space M {[A/ ± 1]; 2g + 2; n) will be isomorphic to a 
product of spaces of Hurwitz covers of the fibre F/±l, a fact which will be necessary 
in order to compute the orbifold Gromov-Witten theory of [A/ ± 1] without using 
the crepant resolution conjecture. 



3. Main Work 

3.1. Computation of the invariants on Km(A„). The goal of this section is to 
compute the relevant part of the Gromov-Witten potential function for Km(^„). 

Let / : S ^ An be a hyperelliptic curve representing the class ci(L„)^ and such 
that f{w) e A[2] for all Weirstrass points w. Let /3„ be the class in i/2(Km(j4„)) 
of the proper transform of (tt o /)(!]); note that this is a rational curve. Let 
Hn = a(ci(L„)^). If we choose a basis of Hi{An) as in section 2.1 then we can 
write Hn — S + nF where S = a(ei A /i) and F — a(e2 A /2). 

Recall now that, given two basis elements Ai, A2 of A, we can consider the image 
V in A of the real 2-plane spanned by Ai, A2. We can further consider the homology 



class /3v of the proper transform of V/ ±1 in K'ni{A), which by Proposition 2.7 
be written as 

We see that to each pair of basis elements we can associate en element ey G Hq 
(since Ai, A2 span a plane, this will in fact be in 112). 

Let £0 be the element so obtained from the basis elements ei,/i, let e* be 
the element so obtained from the basis elements 62, /2, and let finally ei = Eq + 
£\ (where, recall, the summation is done in *P(^[2]) and is hence the symmetric 
difference of the two elements). 

Proposition 3.1. We have the following congruences. 

hk = \H2k - eo (mod K) 
Pik+i = ^H2k+i - £1 (mod K) 



Proof. We assume as per Section [2^2] that the image curve is fixed by ±1 and so 
descends to a genus map / : E — > [A/ ± 1]. We assume further (by deformation 



invariance) that A = S x F, which puts us in the situation described in Section 2.3 
We will further assume that n is even, the odd case being similar. 
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Let E = So U Si U • • • U Sfe be the source curve. Since n is even, we must have 
that either the degree of each S^ is even, or that any odd ones come in pairs. As in 
the proof of Proposition |2.7| we have that is the class of a double cover of the 
proper transform of the image of / in Km(yl.), and so we have that 

fin — ~ 2 ^ O^vEy 

veA[2] 

where is the intersection multiplicity of the proper transform with the exceptional 
curve Ey. This is given by the sum of all the ramification indices over all points 
p e S which map to w S A\2\. Since Ey S K, this only depends (mod K) on the 
ramification indices mod 2. Since /*[Si] — ni[F/ ±1], it follows that the image of 
all the stacky points on a given S.; lie in e\, or some translation thereof. 

Recall from Section |2.3| that the ramification must be even at each non-stacky 
point in the pre-image, and is odd at each stacky point in the pre-image, and hence 
ay = k(ti) (mod 2). 

Consider first a component S^ with / js. of even degree. Due to these ramification 
considerations, it follows that over each w S A[2] the number of stacky pre-images 
must be even, and so (mod K) this contributes zero to /?„. 

Consider next components Si,Sj with f\^. and of odd degree (recall that 
these must come in pairs). We see that for both of these the number of stacky 
pre-images of a given v must be odd, and so one of two things occur. 

(1) Si and Sj map via / to the same fibre. 

(2) Si and Sj map to different fibres. 

In the first case, the contribution to the number of stacky pre-images winds up 
being even, and so (mod K) contributes zero. In the second case, the stacky points 
form an affine 3-plane -q in A[2] — but since rj ^ K . it follows that (mod K) these 
also contribute nothing. As such, all that contributes (mod K) are the stacky points 
coming from the curve Sg. But this is exactly eg, which completes the proof. 

□ 

Remark 3.2. The condition on P so that the generating function Fg^\^{u) is non-zero 
can be now explained as follows. Recall that P is the collection of those v € A[2] 



such that k(t!) is odd. It will arise naturally during the proof of Theorem 1.3 that 
we must have P = Si (mod K). One consequence of this is that if P = Eq (mod K), 
then only even polarizations can occur (and conversely for P = ei (mod K)). 

We are now ready to compute the potential function. We first recall the definition 
of the Gromov-Witten potential of a smooth projective variety. 

Definition 3.3 Let AT be a smooth projective variety, and let 7g,...,7a be an 
additive basis of H*{X). The genus Gromov-Witten potential function is defined 
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by 

F {yo,...,ya,q)= (7o ■■■la 

As stated in the introduction, we are only concerned with a restricted form of 
this function. More specifically, we are only concerned with homology classes /3 
such that p*^ = |7r*Ci(L„)^, and so we make the following definition. 

Definition 3.4 Define the restricted genus potential function as 

F„:= FK-(^'')(yo,...,ya,9) = 

Km(^„) Vq Vq /3„+w 

2^170 •••7a )^^+n, 



mo,...,mo=0 wEK 



Remark 3.5. Due to dimension considerations, the only classes that will produce 
non-zero invariants will be divisor classes. As such, wc choose basis of { Km{An)) 
the classes jy which are dual to the exceptional curve classes E^, as well as classes 
^S,^F dual to S and F, respectively. As such, if we define m = (m^^ , . . . , m„^g , mg, mi?) 
then we can write the function F„ as 

Fnivvi,- ■ ■,yvie>ys,yF,q) = 

„,ms ..mp „,m„ 
(^ms mp TT ^m„\ yS_yF_ TT ftn+w 

m w(^K v&A[2\ v<^A[2\ 

where we omit for simplicity of notation the superscript on the brackets (• • • 
Moreover, define the generating function 

oo 

F ■■= ^ Fniyvi, ■ ■ ■ ,yvie^ys,yF,q)- 

n=0 

A priori this does not make sense, but as we will see, the formal variable q used to 
define F„ permits this to be well defined as a formal power series in the variables ya 
and q. It is this function that we will use (with the crepant resolution conjecture) 
to compute the number of hyperelliptic curves in A. 



Theorem 3.6. The restricted genus potential function F is given by 

^ ' weK veA[2] 
+ ^iA^^E-"<"'"""^^' n -p((^7.)j/.)«- 
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where {,) is the intersection form on K C Kni(A„), where u and Xi are given by 

(6) A, = (exp(y5)/)'^' \{ exp ((/_^^ 7.)y.)9"^' 

and where A(g) the weight 12 cusp form defined as A{q) = qYTkLii^ ~ g*^)^^ which 
satisfies 

— ^ = 1 + 24(7 + 324g2 + S200q^ + ■■■ 
A{q) 



Proof. Let (A„,i„) be a polarized abelian surface with polarization type (l,n) 
and with Kimmier surface Km(A„). As stated in Definition 3.4 the (restricted) 
Gromov-Witten potential function for this is 



veA[2] 



iTiQ m p 

Vs Vf 



n 



msl mpl ^ ^ m„ 



m wGK 

Since on Km(A„), as stated above, we only need to consider divisor classes the 
divisor equation simplifies this to 



m wSiK 



n 



n exp((/^„+^7.)2/.)/"+'". 
■ueA[2] 



Since we are summing over K, by proposition 3.1 we can replace /?„ + w with 
+ w — 'Si (with i = n (mod 2)). and so noting that (see remark 3.5 1 



7s 



2 -f^Ti+u' — £i 



IF 



H„+W-6i 



Iv 
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we can write this as 

F2k = exp(iys) ^ ()iH,,+,„-eo exp(5?/F)^'' 



vGA[2] 

(and similarly for i^2fc+i)- 

Let Cd be a primitive curve class in a K3 surface X satisfying = 2d — 2, 
and let Nd = {)ca (reduced) genus Gromov-Witten invariant. Then the 

Yau-Zaslow theorem |YZ96I IBLOO] states that these numbers satisfy 



oo 



Y^Ndq 



d _ 9 



where A(q) is defined above to be HfeLill ~ q'^Y'^- Since _ff„ e A-'-, and = An. 
we have that 

{\H2k + w- eof ^2k-2+ {w,w~ 2£o) 
(and similarly for the odd case). Thus we find 



O^H2k+w-eo ^k+hw,w~2ea) 



As mentioned in Remark |3.5[ let F — X]^o ^n- We have 



F — ^ F2fc + ^ i^2fc+l 



fc=0 fe=o 

exp(^.s)f:E^.4(..._2.o)-P(^^-)" 



n cxp((/^_- 7^)y„)(? 

veA[2\ 



k=OweK ^ 



1 , 



«GA[2] 



If we then perform the substitutions given in equation (3.6), this simplifies to 



^-^"EE^.4k.-2.o)-" n exp((L7.)y.)^'" 

oo 

^iEE^..l(.,.-2..)"""^ n -P((L7.)2/.)'^" 

v(EA\2] 
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To simplify this we perform the substitution n = k -\- ^(w, w — Si) which yields 

C30 

^ = ^0 E E N^u^"u-(-'^-^^"^ Yl exp (il j.)y.)q- 

n^O w^K veA[2] 

oo 

+ ^oEE^«"'"""^'"'™"'"^^' n e^p{iLlv)y.)q- 
71=0 weK veA[2] 

= ^Oa£^E-"^"'''""'"^ n exp((/j7.K)'?- 
^ ^ weK veA[2] 

+ ^iA^E-"^'"''"''"^^' n exp((/j7„)?/.)?'" 
^ ^ weK veA[2] 

as claimed. □ 

3.2. Application of the crepant resolution conjecture. We now use apply 
the crepant resolution conjecture of |BG09| to compute the potential function of 
the orbifold [A/ ±1]. This conjecture is given as follows. 

Conjecture 3.7 ( |BG09I Conjecture 1.2]). Give n an orbifold 3^ satisfying the 
hard Lefschetz condition and admitting a crepant resolution Y , there exists a graded 
linear isomorphism 

and roots of unity ci, . . . , such that the following conditions hold. 

(1) The inverse of L extends the map n* : H*{^) — >■ H*{Y). 

(2) Regarding the potential function as a power series in yo, . . . , ya, and in 
qi, . . . ,qs, the coefficients admit analytic continuations from {qs+i, ■ ■ ■ , qr) = 

(0,...,0) to {qs+l,...,qr) = {Cs+l,...Cr). 

(3) The potential functions and F^ are equal after the substitution 



Ci for i > s 
Citi for i < s 



It should be noted that the crepant resolution conjecture, as stated, only ap- 
plies to ordinary Gromov-Witten invariants and not to reduced Gromov-Witten 
invariants as we use in our case. The short explanation is simply that it appears to 
work. The longer explanation is that our situation (dealing with fibre-wise Gromov- 
Witten invariants of a non-Kahler 3-fold) is similar enough to the CY3 case that it 
should work. Moreover, the local picture around the singular points is the same as 
that of the resolution T*P^ — [C'^ / ± 1] , a case where the equivariant version of the 
crepant resolution conjecture has been proven |BG09| . The only issue is whether 
or not we can extant this globally to the orbifold [A/ ±1], which appears to be the 
case. 
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As is usually the case, the change-of-variables is forced upon us by knowing a 
few of the invariants and choosing data to match those. In our case this comes from 
two sources. As stated above, we have a good understanding of the local picture 
around a singular point, so we can use that knowledge. Moreover, we already know 
the number of genus 2 curves in an Abelian surface due to Gottsche |Got98| . These 
two facts allow us to derive the full change-of-variables for the restricted potential 
function, which is given as follows. 

The function L : i/*(Km(yl)) — > -ff*rf,([^/ ± 1]) used in the crepant resolution 
conjectures is the following. Let denote the formal cohomological variable cor- 
responding to the dual of an exceptional divisor E^, and let denote the variable 
corresponding to the class in the twisted sector of [A/ ± 1]. Similarly, let ys and 
yp denote the formal variables corresponding to the classes S and F (with zs and 
zp downstairs), respectively. Then the map L on the formal variables is given by 

L{y^) = izy L[ys) = zs L{yF) = zp 

while the roots of unity are given by applying, for w = X]t)eA[2] 

and the substitutions 

qS/2 ^ ^3/2 gF/2 ^ _^F/2 

As in the statement of Theorem |3.6| we will continue with the equivalent substitu- 
tion of 

u = [ exp[zp)t ) 

which yields that u i— — w under this substitution. All of this together yields the 
following. 



Proposition 3.8. Assume the crepant resolution conjecture holds for the resolu- 
tions Km(^„) [AnI ± !]• Then the restricted genus orbifold Gromov-Witten 
potential function for [A/ ± 1], when summed over all polarizations, is given by 



A(u2) 

( Jl ,-..„/2 ^ ^-(».--2eo> -Q exp(^(£7.)^.)(-ir 

ueei w&K veA[2] 

where (-1)- (-l)^:.^^^, for w ^ E.eA[2] t^- 
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Proof. If we combine all of the transformations given above, we find that the re- 
maining composite terms in the potential transform as 

This yields the result as claimed. □ 

1 /2 

Remark 3.9. We should remark that for simplicity, we will omit the term ( exp{zs)t^) 
occurring at the beginning of the expression, which contributes no further enumer- 
ative information. 

To simplify this, we recall that from corollary |2.5| we can write any element 
w€KasiIi = 'w + fi for w e A and rj £ 11^. This allows us to replace the 
summation over K by a, double summation over A and over Ila . More precisely, let 
rj S Ha, and (noting that (—1)'' = 1 by the definition above) define 

plA/±l] ^ ( TT g-«./2 ^-{w+f},w+fi-2eo) . 

n exp(^(L+-7.)^.)(-l)'" 

veAl2] 

_|_ g-«,,/2 ^ y-(«.+r7,«)+»7-2ei) + l , 

n exp(^(^^-7.)^.)(-l)'")• 

VGA12] 

Then we have that F^"*/*^! — J^rien^ Fri^^^^^- Since the intersection form restricted 
to A is diagonal, the functions pj/^^^^^ can now be computed. For simplicity, the 
superscript [A/ ±1] will now be omitted. 

Lemma 3.10. The function P^i can be written as 
where 



= 2^(-l)'=sin((2fc + l)^' 



2' 

k=0 



giz, u) = 1 + 2 ^(-l)'' cos(fcz)M2'= 

k=l 
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Proof. Throughout this proof we will only work with the terms involving Eq] all of 
the proofs for ei are nearly identical. We begin by noting that 

{w + rj,w + rj - 2eo) = (w, w + 2?; - 2eo) + {v, v) - 2(^, eo) ■ 

Since |eo| = 4, and for any two subsets ryi,7y2 G Hq, we have {rji,f]2) = —-^Ivi ^2! 
(see remark 2.3), it follows that 

(77, rj) - 2{t], £0) = {rj, rj) - 2{rj, eo) + (eo, £0) + 2 

= -^(hl"2|77n£o| + |eo|)+2 

= -^h + eo|+2 

where we recall that the summation is done in Ho (and so is the symmetric difference 
of the two sets) . 

We work now to simplify the expression 

n e--/^ 5: n exp(z(L^,7.)^.)(-l)- 

To begin with, we note that exp (j(/j^7i,)z^) = exp(iZi,/2) if w G 77 (and is 1, 
otherwise), and so this term is 

n n e-/^ ^ n exp(z(/^7.)^.)(-l)'" 

v£eo\ri veri\eo w£A veA[2] 

Because of the fact that the intersection form restricted to A is diagonal, we can 
write the latter sum as a product 

00 

^ ^-K-+2?-2eo) -Q exp(z(/„7.)^.)(-l)'^= n ^ (-l)^i2'=^+2'=e''=^" 

wGA v^A[2] v£ri\6o k— — oo 

00 

• n E (-i)'=^i2fe=-2fegifc.„ 

v^SoXr] k—-~oo 
00 

By rearranging the summation index on the middle product it can be written as 

00 00 

Yl (-l)'=u2fe^-2fcg</c.., ^ -Q ^ („^)fc^2fe^+2feg»fc.. 

vG£o\r] fe= — 00 eo\'; k=~co 
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and so the whole term becomes 

veso\n ven\£a weA veA[2] 



Since we have that 



J2 {-ifu^''^ e^^' = l + 2^(-l)'=cos(/cz)u2 



,2fe^ 

fc— — oo A:— 1 

and also that 



eW2 ^ (-l)V='+2'=e''=^ =2 5^sin((2fc + l)z/2)u2fe^ 



+2fc 

5111 y^v^n. ±j^/ u, 
k— — oo k—0 

the conclusion follows. □ 



3.3. Proof of Theorem |1.3[ To prove Theorem |1.3| it remains to study the func- 
tions h and g given above. As they are written in terms of trigonometric functions, 
we begin by writing them in terms of Chebyshev polynomials. 

Recall that Chebyshev polynomials T„(a;) are given by the relationship 

Tn{cos9) = cos(n6'). 

They can equivalently be defined recursively via 

Toix) = 1 
Ti (x) = X 

(7) Tn{x) ^ 2xTn-i{x) - r„_2(x). 

They also satisfy the relationships 

r2„+i(sin0) = (-l)"sin((2n+l)0) 

and 

T„(l-2x2) = (-l)"T2„(a;). 
With these last two in mind, we have the following fact. 

Proposition 3.11. The functions h{x,u) and g{x,u) can be written as 

oo 

h{z, = 2 ^ T2„+i ( sin(z/2))u2"^+2" 

oo 



g{z,u) = l + 2;^r2„(sin(z/2)) 
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Proposition 3.11 and Lemma 3.10 give us an explicit description for the (relevant 



portion of the) potential function of the orbifold [A/ ± 1]. We now perform the 



substitution x„ = 2sin(z^/2) (See Theorem 2.131, and use the following result from 
|AR10| . 

Theorem 3.12. Let H{x, q) be defined as 2 J^'^^o T2„+i(a;/2)(7"'+" and let G{x, q) 
be defined as 1 + 2^^^^ T2„(x/2)g" . Then 



H{x,q) = {q^-q^)l,Y.M'i 



fe=0 
oo 



where (a; q)oo — Y\^={){^^ '^(1^) o, q-Pockhammer symbol, and A^, Ck a,re MacMa- 
hon's generalized sum-of-divisors functions (See |Mac86| ). 

Theorem 3.13. The functions and satisfy the recursive definitions 

oo 

Ai((7) = ^ai(%'= 

k=l 

Ciq) ^ A,{q) ~ A,{q^) 
M,) ^ (^^^((6^l('^) + Kk - 1))A._,(,) - 2,|a._,(,)) 

Cki,) = ..^^^{{^C.iq) + ik - lf)Ck^,iq) - ^Ck^^i^)) 
and as such are in the ring of quasi-modular forms. 

We are now in a position to prove theorem |1.3[ 



Proof of theorem \1.3\ From Lemma [3.10| Proposition |3.11| and Theorem |3.12| we 
can write 

2 1 °° 

^ ' veri+ea fc=0 

n(U ■,U )ac, \ - ^, f 2\ 2k 
^^n+eo ^ " ' " fe=0 

OO 



v^rj+si k=0 



2\^2k ' 



n / 2 r n^^^^^-^- 
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Collecting all the Pockhammer symbols (and the extra powers of u) we find (for 
the So term) 

Using the fact that -^^^ = (u^; 7/2)^24 ^^^^^ ^j^^^^ {q; q)ooi~q'i q)oo = {q^]q^)oo this 
simplifies to 

2. 2N2 n4\5I')+^o|-2 



(^(..^;z.^)^(-z.^;..2)L)' 



Using a theorem of Legendre |Leg28| which states that ((g; g)oo(— 9; 9)^) = X]fcLo^i(2^ 
l)q^ , it follows that this term is in fact £;(u)2l''+^ol-2 ^j^g^g 

i5H = j;,Ti(2(-+l)f«+i = -J2( 



fc=0 



and where §2 is the Jacobi theta function 'd2{q) = X^feLo 9^'^^^^^''^ • identical 
computation yields that the terms in front of the ei term simplify to £'(m) 2l''+^il~2^ 



We can now rewrite as 



1 , 



veri+eo k=0 v^T]+eo k=0 



00 00 



+ ^(^),l.+e.|-2 -Q ^^^^(,4)^2.+ l -Q ^C.(.^)x,f 

v£ri+ei k=0 i>^J)+£i fc=0 

This is the generating function for counting hyperelliptic curves / : E — >■ 
with the property that f{w) G A[2] for all Weirstrass points w where we include 
the data of how many Weirstrass points lie on a given 2-torsion point. Specifically, 
the coefficient of the monomial nueA[2] ^w^"'' gives the number of such curves with 
k(t;) Weirstrass points having as image the point v G ^[2]. From this description, 
the conclusion follows. □ 



Corollary 3.14. The coefficient of a monomial rit)gA[2] ^^^^^ generating 
function F lies in the ring of quasimodular forms. 



Proof. This follows directly from Theorem |1.3| and from Theorem |3.13[ □ 



3.4. A simple consequence. One consequence of this formula is a prediction for 
the lower bound on the arithmetic genus of a hyperelliptic curve in an Abelian 
surface A, which we prove. 
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'1+ E hHvr 



Note that the lowest degree terms of Ak{q) and Ck{q), respectively, are {^^^^ 
and . Thus the lowest degree term of 

(see equation ([l])) is given by 

ves ves ^ ^ -u^s ■ueA[2] 

It follows that this formula predicts that the minimal arithmetic genus of a hyper- 
elliptic curves in A (with discrete data k) is 

^2 

veA[2] 

by the definition of Fg^\s^(u). We now show without assuming the crepant resolution 
conjecture that this is true. 

Theorem 3.15. Fix k, and let g he such that 2g + 2 = |k|, and suppose that A has 
Picard number 1. Then the minimal arithmetic genus of a hyperelliptic curve in A 
with discrete data k is X]t>eA[2] I^l"*^)^ ^ 1- 

Proof. Given such discrete data, the geometric genus is given by 17 = jlk] — 1. For 
each V € A[2] with k(w) > 1, we note that any curve which produces such data 
must be nodal, since more than one Weirstrass point will have the same image. 
More specifically, we introduce at least (''j"'') nodes for each k(u) > 1. As such, 
the total arithmetic genus is given by 

veA[2] ^ ^ veA[2] veA[2] 

= -1+ E hHvr 

veAl2] 

as claimed. □ 

Corollary 3.16. There are no smooth hyperelliptic curves in A of genus greater 
than 5. 

Proof. We first note that if any k(w) > 1, then there must be at least one node in 
the image curve, as we have two Weirstrass points with the same image, v. 

Next, note that due to the requirement that P, the set of those v with k(v) odd 
must be congruent to £j mod K (or more accurately, mod H^) yields that no more 
than twelve of the sixteen 2-torsion points can have k(7;) = 1 (this maximal case 
is when P is the complement of £o)- In this case, we have that 2g + 2 — 12, or 
= 5. □ 
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4. Proofs for Low Genera 

4.1. Introduction. We will prove the formula ([T]) for the case of genus 1 and genus 
2 curves. Recall that a hyperelliptic curve of genus g yields a with 2g + 2 stacky 
points, and so to enumerate genus g curves we need only consider those monomials 
of total degree 2g + 2. For genus 1, this is degree 4 (we will explain below what a 
genus one curve in A, which should generically have no elliptic curves, means), and 
for genus 2, this is of degree 6. 

We assume as in Section |2.3| that the Abelian surface is a product S x F oi 
non-isogenous elliptic curves. Recall that there is then an elliptic fibration A/±l ^ 
S/ ± 1 with general fibre F, and with four special fibres F/ ± 1 over the points 
V e S[2]. We will further (by abuse of notation) denote by S and by F the classes 
in j4/ ± 1 of a section 5/ ± 1 and fibre F/ ± 1, respectively. 

In the case that the Picard number of >1 is 1 and that the curve class is primitive, 
the source curves are combs with collapsing teeth. This allows us to perform the 
substitution given in in Theorem |2.13[ When the Picard number of A is greater 
than 1 — as is the case when A ^ S x F — or when the class is not primitive, it is 
possible that there are collapsing components which join two components mapped 
into A with non-zero degree (see figure |2| . 



\ ni 


X— 







"2 / 














Figure 2. A collapsing component joining two non-collapsing ones 



These do not contribute to the Gromov-Witten invariant (see Proposition A.9l. 
From these two considerations, we can consider only those maps which do not 
collapse any components. 

Let / : E [j4/ ± 1] be a rational curve. As we saw, the source is a tree of 
rational curves S = Sg U Ei U • • • U S^, and such that [Eq] — S and f.^, [E^] = UiF 
for I > 1 with ^Tii = n (and n,; > 0, as discussed above). Moreover, the leaves of 
the tree of curves must have at least 3 stacky points on them (plus a node which 
connects them to the tree) . 
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For convenience, we now need to label the 2-torsion points of A. We label them 



as 



(8) 2-torson from F -^£3] E^ E^ 



Eo 



El 



En 



Eq Elo Ei4 -6 — Translates of S 



Ec. Eq 



E 



13 . 



E4 



Ea 



E 



12 



2-torsion from S 



with monomials labeled similarly. With this labelling, we have the explicit descrip- 
tions eo = ^{Eo + E4 + Es + £'12) and ei = ^{Ei + E2 + E3) + ^{E4 + Es + £'12). 



4.2. Genus 1. The genus 1 case is somewhat of an aberation; there are of course 
no elliptic curves in a generic Abelian surface. It turns out that the genus 1 case 
corresponds to a 'polarization' of type (1,0). By Poincare's Reducibility Theorem 
|LB921 Chapter 5, Theorem 3.5], such an A is isogenous to a product of elliptic 
curves. 

Since the source curve is genus 1, on the orbifold side we have exactly 4 marked 
stacky points. From the description above, if the source curve were to consist of 
more than one component, it would have at least 6 marked points, and so the source 
curve must be irreducible with / mapping it isomorphically onto a section S/ ±1. 
There is only one such map (as S, F were chosen to be generic) . 

The only term with monomials of degree 4 from all of the functions F^j are 
XQX4XSX12, xiXt^XgXi^, X2XqXiqXi4^, and x^XiXiiXic^. If we look at the formula ([ij, 
the prediction for each of these is also 1, and so the conjecture is verified. 

It should be noted that in terms of computing the actual number of such curves, 
these latter three monomials yield curves that are simply translations of the first, 
and so the number of genus 1 curves in A in the class 5' is 1, as we would expect. 

4.3. Genus 2. The component which maps isomorphically onto a section curve 
5/ ± 1 must have three of the six marked points, and so our source curve must 
consist of exactly two components, S = Eg U Ei, and where [Ei] — nF. Thus the 
component Ei is an rt-fold cover of F/ ±1 (with certain data about the images of 
the stacky points in Ei), and so we are reduced to computing the number of such 
covers. 

Analogous to the genus 1 case, since we only care up to translation in A, we need 
only focus on certain monomials. These are 

a;ia:2a;3a:4a;8a;i2 xlx4XsXi2 XQXiX%xi2x\ xoX4Xg,xi2xl xoX4XsXi2xl 
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and the corresponding predictions are 

E{u) Ai{u^) Ci{u^) C\{u^) Ci{u^). 

The first comes simply from the term ei and the others all come from Sq. 

In each case, we are counting maps Si — )■ [F/±l] of a curve with four Z/2-points 
to the orbifold [F/ ±1]. In this case, we can lift to the cover 

E F 

Y 

Si ^ F/ ± 1 

and so we can compute this by counting covers of F by elliptic curves E satisfying 
certain conditions based on the image of the 2-torsion of E. These are the following. 

(1) The first monomial corresponds to those maps E F such that the 2- 
torsion of E surjects onto the 2-torsion of F. 

(2) The second monomial corresponds to those maps such that all 2-torsion of 
E maps to G F. 

(3) The last three monomials all correspond to the three possible cases where 
E[2\ surjects onto a subgroup (ei) for e; a non-zero 2-torsion point in F. 

We first need a classically known fact. 

Proposition 4.1. Let E be an elliptic curve. Then the number of degree n isogenics 
F ^ E is given by ai{n) ^ J2d\n ^■ 

Proof. As maps of Abelian varieties are determined by their lattices, counting de- 
gree n isogenics F ^ E is the same as counting index n sublattices of a fixed rank 2 
lattice. Up to change of basis of the respective lattices, this is the same as counting 
matrices of the form 

J: 3 

with ad ~ n and < b < d. This is clearly equal to ai{n) as claimed. □ 

All that is now required are the following lemmata. We will provide a proof of 
Lemma |4.4[ the rest of them having a similar fiavour. 

Lemma 4.2. Suppose that g : E ^ F is a map of elliptic curves. Then the degree 
of g is odd if and only if the 2-torsion surjects. 



In this case the generating function is simply the odd-degree part of Ai{u), i.e. 
E{u). 
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Lemma 4.3. Suppose that g : E ^ F is a map of elliptic curves such that g{E[2]) = 
0. Then g factors through the degree 4 map 

a 

E >F 




F/F[2] 

In this case, we are actually counting all covers of the curve F/F[2] — but this is 
of course the same as counting covers of degree n/4 of an arbitrary curve. That is, 
we obtain the function Ai{u^) as desired. 

Lemma 4.4. Suppose that g : E F is a map of elliptic curves such that g(E[2\) 
surjects onto the subgroup (v) for some non-zero v G F[2]. Then g factors through 
the degree 2 map 




F/{v) 

Proof. As before, we consider maps of elliptic curves via the maps on their under- 
lying lattices. That is. wc consider the map g : Ae ^ Ap. Choose a basis Ai, A2 of 
Ap, and /ii,/i2 of Ap such that |Ai represents the 2-torsion point v. We will show 
that its image lies in the sublattice (Ai, 2A2), which proves the lemma. 
The condition above yields (up to labelling) that 

g{^Hi) = 5A1 (mod Ap) and 6'(iA«2) G Ap 

or equivalently that 

g{lJ,i) — Ai e 2Af and 5(^2) S 2Af. 

It follows that giAp) C {\i,2Ap) = (Ai,2A2) as claimed. □ 



In this final case, we arc counting those covers of degree n/2 of F/{ei) (i.e. 
Ai{u'^)) less those whose 2-torsion is all mapped to zero (i.e. Ai{u'^), from before). 
That is, the generating function is Ai{u'^) — Ai(zt^) = Ci{u'^). 

These three lemmas together prove the conjecture for the genus 2 case. 



4.4. Proof of Gottsche's genus 2 formula. If we consider all the previous cases, 
it follows that the number of genus 2 curves in A up to translation in A is given by 
the sum of all of the given terms above. That is, if we let F2{u) denote the number 
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of genus 2 curves in A up to translation, then we have 

F2iu) = E{u) + + 3(Ai(u2) - A^{u^)) 

(9) = E{u) + -iAi{u^)-2Ai{u'^). 

It is clear that the odd powers of u in the right-hand side are the same as those in 
Ai{u). The fact that the even powers match those of Ai{u) will follow from the 
following lemmata. We once more prove only the second, the first being similar. 

Lemma 4.5. Let n > be congruent to 2 (mod 4). Then 

CTi(n) ~ 3cri(n/2). 

Lemma 4.6. Let n > be congruent to (mod 4). Then 

ai{n) = 3cri(n/2) - 2CTi(n/4). 

Proof. Write n — 2^m with 2 \ m and with k > 2. Then as di is a multiplicative 
function, we have that 

(71 (n) = cri(2'=)o-i(TO) 

= (2^-+i-l)ai(m) 



(3(2*=-l)-2(2'=-i-l))ai( 



= 3ai(n/2) - 2ai{n/A) 
as claimed. □ 

In |Got98| . the following IS proven. 

Theorem 4.7 (Gottsche, Theorem 3.2). Let {A,L) be a polarized Abelian surface 
with polarization of type (!,«.). Then the generating function for the number of 
genus 2 curves in the linear system \L\, summed over all polarization types, is 
given by 

oo 

F2{u) = "^c^i W^i" = D^Ai{u) 

To see that these are equivalent, we note that the difference between the two 
counts — that is, curves in a fixed linear system vs. curves up to translation — comes 
from translating by elements in the kernel of the isogeny A ^ A = Pic'^{A) given 
by a I— > L t*^L~^. If the polarization is of type (l,n), then the map on lattices 



Hi{A) — 7> Hi{A) can be represented by the matrix ^ (see Section 2.11. The map 
is thus of degree n^, and so the kernel consists of exactly elements. This yields 
the claim. 
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Appendix A. Structure of the Moduli Space 

In this Appendix we gather a few facts about the structure of the moduH space 
M {[A/ ± l];k;n), and in particular about its reduced virtual fundamental class. 
All throughout we assume that A is a generic Abelian surface and has Picard 
number 1. 

As stated before, the Gromov-Witten theory of an Abelian or K3 surface, strictly 
speaking is trivial, as any of these can be deformed into a non-algebraic surface. To 
account for that, we look at a reduced theory for these surfaces. For more detail, 
see |BL(fflllBL99llMPTin| . 

To construct the reduced class on M {[A/ zL l];2g + 2; n), we use the following 
approach. Let ^ be a fixed polarized Abelian surface with polarization of type 
(l,n), and let B be the family of Kahler metrics arising from the hyperkahler 
structure. Note that B = , the real 2-sphere. 

Let jz/ A- S be the family of Abelian surfaces over B given by this family of 
metrics. That is, A\j = 7r^^(6) is A with the Kahler structure given by b. We can 
take the fiber-wise quotient to obtain the family [£/ / ± 1] ^ B which we use to 
construct our reduced class. 

Remark A. I. The family £/ is not an algebraic family. In fact, to work with this 
we must leave the algebraic setting and move into the complex analytic category. 
However, while it is not algebraic, it is fiber-wise Kahler, and so we are still able 
to work with Gromov-Witten invariants of this family. 

It is worth noting that the construction of the reduced class for families of K3 
surfaces has been done in jMPTlOj purely in the algebraic category. It seems likely 
that their methods would work similarly to obtain an algebraic reduced class for 
the moduli space of maps into an Abelian surface, and that we should similarly be 
able to do this for the orbifold [A/ ± 1]. We do not however pursue this approach 
in this work. 

In the end we use the notion of the Twistor family as it is a well-understood and 
concrete approach. This concrete approach suits us well, as it permits us to define 
our invariants with as little pain as possible. 

Note that we have an inclusion t : [A/ ± 1] — > [jz/ / ± 1] as one of the fibres. For 
brevity's sake, define 

M ^M{[A/ ±l];2g + 2-/3) and M' {[£/ / ± l]-2g + 2; l^P) . 

We have the following lemma. 

Lemma A. 2. Let [A/ ±1] be as above, and suppose that C G [A/ ± 1] is a holo- 
morphic curve. Then the only Kahler structure in B that has a holomorphic curve 
in the class [C] is the original Kahler structure for which C is holomorphic. 
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Proof. Suppose that there are two complex structures b, b' for which there are curves 
in the class [C] which are holomorphic. We can then lift these to the cover A — > 
[A/ ±1] to obtain two differing complex structures on A which support curves in a 
fixed homology class; this contradicts |BL99I Lemma 3.4]. □ 

From this we obtain the following. 

Proposition A. 3. The moduli spaces M and M' are isomorphic in the category 
of complex analytic stacks. 

Proof. There is an obvious map M — > M' induced by the inclusion l. Specifically, 
for a family 

C ^ A 

l\ 1 

C [A/ ± 1] 




T 



we can compose with the inclusion l to obtain 

C ^ A >- ^ 

/I 1 1 

C ^[A/±l\ >-K/±l] 

\1 

T 

For the reverse direction, note that all holomorphic curves in [si^ / ± 1] land in a 
fixed fibre [A/ ± l]f,. This given a diagram 

C ^ 

/I 1 

C ^K/±l] 




T 



we note that the map / factors through this fixed fibre [^/ ± This yields the 
inverse map j : M' — > A/. □ 
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We compute the virtual dimension of M' to be 

, 2g+2 

/ ci(K/ ± 1]) + (1 - .g)(dim[^/ ± 1] -3) + (25 + 2) - V age(j>i) - 

=3 ' ^ =1 

and so we have a virtual fundamental class [M']""" in degree zero. 
Definition A. 4 We define the reduced virtual fundamental class on M to be 

We next investigate the structure of the space A/j. „ — M {[A/ ± 1]; k; n). Recall 
that, for k : ^[2] — > Z>o, this is the moduli space of genus twisted stable maps 
into [A/ ± 1] such that k(ti) stacky points have as image k(u). 

Denote by A h k a 'multipartition' of k. That is, a collection of partitions 
A'' h k(t!) with parts (A^', . . . , A"^), indexed by u S ^[2]- We say that a twisted 
stable map has partition type A if we can write the source curve as 

E = EoU IJ IjEr 

veA[2] i=l 

with each E^ a (potentially nodal) genus curve with A^ marked Z/2-points, and 
where EJ* is attached to the curve Eq at some point, which is will be stacky de- 
pending on the parity of A". The map then collapses each E" to the stacky point 
in [j4/ ± 1] corresponding to w G A[2]. 

Lastly, denote by M\^n the closed substack consisting of those maps with parti- 
tion type A. The main result is the following. 

Proposition A. 5. If the Picard number of A is 1, then 

Mk,„ = ]JMa,„. 

Ahk 

Proof. As stated before, each Af>, „ is a closed substack, and so we must show that 
they are also open in Mk,n- We claim that any deformation of the nodes connected 
a tooth to the handle cannot be smoothed. 

We first note that the collection of rational curves (excluding collapsing compo- 
nents) in [A/ ± 1] is 0-dimensional. Indeed, if it were not then by looking at the 
proper transform we would obtain a positive dimensional family of rational curves 
in Km{A), which cannot exist (See, e.g., |Che99| ). 

Now, since the Picard number is 1 and the curve class is primitive, the source 
curve must be the normalization of its image. We will assume for simplicity that 
the number of teeth on the curve is 1, and that this tooth is itself irreducible. Thus 
if we were to smooth the node joining this tooth, the resulting source curve must 
be irreducible. 
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Consider now a flat family of twisted stable maps into [A/ ±1] over a punctured 
base r ^T\{p}. 



Y 

v 

Since each fibre is the normalization of the image curve in [^/ ± 1], this family 
must be constant. As the moduli spaces Mk,n are separated and proper, there is 
a unique way to fill in the central fibre, which in this case must also be a constant 
family. In particular, the resulting central fibre is also the normalization of the 
image, and so must have no teeth. It follows then that no nodes joining the teeth 
to the handle can be smoothed. 

□ 

The main result of this decomposition is the following. Recall (See Proposition 



2.11 1 that all curves in M ([A/ ± 1]; 2(7 + 2; n) are comb curves. We claimed that 
the components corresponding to even parts contribute zero to the Gromov-Witten 
invariant — this is equivalent to saying that if a comb curve has a tooth which is 
joined to the handle at a non-orbifold point, then it contributes zero to the total 
invariant. 

Lemma A. 6. Let v € A[2\ be fixed, and let A/o;2g+2|2fc,i; denote the component 
consisting of those twisted stable maps into [A/ ± 1] which collapse a component to 
V with 2k marked stacky points, and with 2g + 2 marked stacky points elsewhere. 
Then 

I- 

Proof. We will assume without loss of generality (by induction on the number of 
collapsing components) that the source curve consists of two components. Si and 
S2 joined at a non-stacky point P, and with Si being the handle. 
We begin with a little notation. Define 

Ml = M° ([^/± l];2.g + 2,l;n) 

to be the moduli space of twisted stable maps into [A/ ± 1] with no collapsing com- 
ponents and with one ordinary (i.e. non-stacky) marked point. This has (reduced) 
virtual dimension 1. Similarly, define 

M2 = M(BZ/2;2fc,l;0) 

to be the moduli space of twisted stable maps into BZ/2 = [C^/ ± 1], which we 
think of as the local model for one of the stacky points in [A/ ± 1]. This also has 
virtual dimension 1. 
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Now, unlike the case where the node is stacky, we do not have an isomorphism 

Mo;2g+2\2k.v = Ml X M2 

due to the fact that the curves are joined at a non-stacky point. What we do have, 
however, is a morphism l : Afo;2g+2|2fe.t) ^ Mi x M2 which fits into the gluing 
diagram 

Mo;2g+2\2k,v ^ Ml X Ma 

evx ev 

I[A/ ± 1] ^ I[A/ ± 1] X I[A/ ± 1] 

where the evaluation maps on the right are from the non-stacky points. From this 
we obtain (see |AGV08) Proposition 5.3.1]) that 

[Mo.,2g+2\2k.vV'^ = A'-{[MiY'^^ X [Ma]'^^'^). 

Now, since the evaluations are at non-stacky points, they in fact lie in the non- 
twisted sector, which is [A/ ±1]. Since [A/±l] satisfies Poincare duality (rationally, 
at least), we can choose a basis (7^) of the cohomology of A/ zL 1 so that this is 
given by 

A'-{[MiY-^ X [M2Y''') I 

Since [A^i]'"'^'' and [Afa]'^'^'^ are classes in H2, we see that the only cohomology 
classes which may contribute are those in dimension 2. However, since the map 
ev : M2 — )■ [A/ ± 1] is constant (recall that this is a collapsing component), it 
doesn't intersect any classes in H^, and so each of the integrals J^^ [M2]'-<"' ^^'^ 
zero. It follows then that [Mo;2g+2\2k,vY'^'^ = as claimed. □ 



We will next provide the proofs of several facts concerning the non-enumerative 
nature of the Gromov-Witten invariants stated in section 12.21 
First, recall that we have the decomposition of moduli spaces 

Ux,n = M°{[A/±l];kx;n)x [] [] M (BZ/2; + 1; 0) 

veAl2] i=l 

together with a projection map px : Ux^n ^ M° {[A/ ± 1]; k^; n). 



Theorem A. 7 (Theorem 2.121. Let A = (X")tj(za[2\ be a collection of partitions of 
k, all of 
That is, 



k, all of which consist of odd parts. Then the virtual degree ofpx is {^j) ^ 
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The proof of this is virtually identical to that in |Wis08a| Section 3.6]. Let 
TT : ^ U\^n denote the universal curve, and let E = Eq U Ei U • • • U Sfe denote a 
comb curve. Since all deformations of the nodes which join the teeth to the handle 
are obstructed, we have the exact sequence 

(10) 07r,(Tp^Eo® Tp^E,) ^ Obs{f) Obs{T.J) -> 0. 

Pi 

We will compute Obs{f), and use this exact sequence to compute the obstruction 
bundle Obs{T.J). 

Lemma A. 8. Over a point [/ : E — > £/ / ± 1], the bundle Obs(f) is isomorphic to 

k 

Obsif) ^ (Eo, r TK/ ± 1] Iso) ® pi ® pi) 

i=l 

where pi is the non-trivial representation o/Z/2. 

Proof. As above, let / : E ^ [jz/ / ± 1] be a comb curve with teeth E^ for 1 < i < fc, 
and let T — f*T\si / ± 1]. Recall that over such a point that 

06s(/)-i?i(E,r). 

To compute this, we look at the normalization sequence 

k k 

7jO(Eo,T) ® 07?°(E„T|sJ ^ 0if°(P„r|pJ ^ 

i=\ i=l 

k 

^ iji(E,T) ^ 0i7i(E„r|Ej ^ 

2=0 

where Pi is the node joining E^ to Eg. As / is representable, the image of Pi must 
lie in the twisted sector, and so we see that T\^- = T\p. ^ pi ® pi ® po where pi 
and pq denote the non-trivial and trivial representations of Z/2, respectively. Since 
Ei has stacky points, and since Pi ^ BZ/2, we have that i/"(Eo,/5i) = (and 
similarly for Pi). Moreover, it is clear that _ff'^(Ei,/9o) H'^{Pi,Po) is surjective. 
It follows then that 

k 

Obsif) = h\j:,t) - i/i(Eo,r|sJ ® 0i?i(E„r|s.). 

1=1 

Since T|s. = pi ® pi ® po ^md po, being the trivial representation, has no higher 
cohomology, the lemma follows. □ 

Proof of Theorem \2.1S\ Since M^.^^ is zero-dimensional, on components of [/^ „ the 
summand of Obs{f) coming from (Eq, /*T[j2/ / ± 1]|eo) is a fixed vector space, 
and so it corresponds to a trivial summand. Moreover, as discussed in |Wis08b| . 
the terms _ff^(Ei,pi ® pi) contributed a dual Hodge bundle summand; that is. 
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Obs{f) = O®'' ® 0jLi E,^ ® Our exact sequence (fTol thus reads 



0^0 7r,(Tp^So Tp^S.) ^ O®"^ ® E,/ ® E^ ^ 06s(S, /) ^ 0. 

Pi i=l 

from which we compute that the total Chern class of Obs{Y,,f) over U\^n is given 

by 



=1 



We need to integrate this obstruction class over the fibres of the projection map 
Pa • n M° {[A/ ± l];k;j;n). Specifically, we need to compute the integrals 
(using the notation of |Gil08b| ) 

c(E,)2 



(11) / 

J A 



M(BZ/2;2gi+2:0) 1 " jV'l 

which are computed in |Wis08bl iGiIOSb] to be 

Since the fibre is the product 

Y[ nM(BZ/2;A^ + l;0) 

veAl2] 1=1 

it follows that the degree of the pushforward is 



■ueA[2] 4=1 tieA[2] 



Is i(|k|-|k;,|) 



as claimed. □ 



Consider now case that A ^ S x F. The same reasoning as above yields that on 
any component of M ([A/ ± l];2g + 2;n) which collapses a component between two 
non-collapsing components (see figure [2|. the virtual class is obtained by computing 
the integral 

JM{BZ/2-2g+2-0) (1 " 5'0l)(l " \i'2) 

which arises due to the two nodes whose smoothings are obstructed. 
Proposition A. 9. Let g > 0. Then the integral 

7M(BZ/2;2g+2;0) (1 " " \i^2) 

is zero. 



HYPERELLIPTIC CURVES ON ABELIAN SURFACES 



39 



Proof. We follow a method similar to the one given in jGil08b| to prove that (111 is 



equal to {^j)^- More specifically, we assemble the Gromov-Witten invariants into 
a generating function, which we will see must be equal to zero. 

Let ^ — [C^/ ± 1]. Let 1 and v, respectively, denote the generators of the 
untwisted and twisted sectors of H*{^), and let (• • • ) denote the integral 



'M 

where the integral is over the appropriate moduli space of genus twisted stable 
maps into Let g > 1, and let a, 6 be non-negative integers. The topological 
recursion relations in this case yield 



4=1 



5-1 
i=l 



2g~ 1 
2i 



where the second equality is given by the string equation. For g = 1, this reads 

{v'^,Ta+lV,ThV) = 2{v,TaV,l){v,TbV,l) 

due to the requirement that each component of the curve have an even number of 
stacky points. 

Multiplying both sides of this by 2~°'~^~^ and summing a and b from to oo 
yields 

(12) ^^^,^\-^^^^^ " 



1 - il^l ' 1 - i7^2 / \ ' 1 - IV'2 



E 



- 1\ /2t+l 



^2^+l ^\ / „2(g-.) + l 



2i J\ 'l-i^2 

1 ' f2g l\ I V \ / V 

4^[2^-l)Y 'l-Ujy 'l-i^2 
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We now assemble these into a generating series. Let H{q) and h{q) be given by 

oo 



'l-i7/^i'l-i^2/ (25-1)! 



9=1 



(2.9 + 1)! 



From |Gil08b| . we see that h{q) — 2sin(g/2). Moreover, if we multiply (12) by 



^ and sum from q = 1 to oo, we obtain 



(2S-1)! 
(13) H{q)^h"{q) 



°° I „ \ o2i / „ \ „2(g-i)-l 



EE 

3=1 i=l 



l-iVi/(2*)!\ 'l-iV2/ (2.g-2i-l)! 



°° 3 , „ \ „2i-l / \ „2(g-i) 



g— 1 1 ^ ^ ^ ^ 



(2z-l)!\ '1-1^2/ (25 -2z)! 



A somewhat tedious computation yields that the right-hand side of ( 13 ) is equal to 



(h'iq) - 1) h"iq) + hiq)h'iq) = h'iq)h"{q) - h" (q) + ^/i(g)/i'(g). 

Since h"{q) = —^h{q), this is simply equal to —h"{q). It follows then that H{q) — 0. 
Since 

V V \ ^ r cjEf 

' 1 - ^-01 ' 1 - ^-02 / JM(BZ/2-ag+2-fl) (1 - |^l)(l - 5V'2) 

the claim follows. □ 
Next, recall that we defined the generating functions 

F„(..)^ E G^M. n IS 
PnM= E Giy,°„ n 

k:A[2]^Z>(, Deyl[2] ^ 

We prove now the following. 



Theorem A. 10 (Theorem 2.131. The two generating functions Fn and F° are 



equal after the substitution Xy — 2sin(z„/2). 

Proof. We prove this by computing (2 sin(z,j/2)) . and showing that this is equal 
to Fn{zy). For simplicity we use the notation = Map(A[2],Z>o). Note that 

2sin(z„/2) = ^(--) 



{2£ + r 
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Substituting this into the definition for F° we obtain 

k(i; 



f„°(2sin(z„/2)) 



S^'i. n tjl^ E(- ) w^A 

°° / 1 s £ 2£+k(t,) 



where 



aiH Yai—K 

CLi odd 

Exchanging the order of the summation over £ and the product over v in this 
expression we find that 

^^°(2sin(zj2)) = ^ GW'.V E (- 4) n 727TkW^<(2^ + ^)(")'^(")) 

/ 1 x Kl ,(2''+k)(i') 

= E n(^iTk)M!K(2^+k)(.),k(.)) 

If we then re-index the summation by letting k' = 2€ + k (and for simpHcity of 
notation omitting the '), we find 

i^„°(2sin(zj2))= J2 GVFk%,,„(-J)'''^i|J^)KkW'(k-2^)(^;)) 

The claim then that these two generating functions are equal is equivalent then to 
the claim that 

GW-k,n - E GW^-2i,n{~ J)"' n i^-mv)) 

teA'^ veA 



This follows from theorem |2.12| and from the following interpretation of the numbers 
s{k,t). 

The number s{k,t) gives the count of all possible ways of partitioning k marked 
points into t (unordered) odd-sized collections of points. 

In our case, by summing over all possible functions £ : A^] — > Z>o, the numbers 
s(k(u), (k— 2£)(w)) yield the count of all possible ways of partitioning the k(u) points 
mapping to a given 2-torsion point v by bubbling off collapsing components (all of 
which must have odd numbers of marked points) . Order does not matter as they 
all map to the same point. For each such possibility, the Gromov-Witten invariant 
is then GW^_2i (the invariant coming from the non-collapsing component) times 
( - i)'^' (the virtual de gree of the map which forgets the collapsing components), 
as discussed above. This proves the theorem. □ 
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